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E is generated by V and the bt> hence there is a subfamily .(*/fc)i <fc^r of
(bi)i$i<n such that the ik are all distinct and such that V" = £ Kbik is supple-
it
mentary to V in E (A.4.5). We cannot have r = n, otherwise we should have
V" = E, which is absurd. Hence V" has a basis of r < n - I elements, and
since V is isomorphic to V" (A.3.5), it follows that V has a basis of r ^ n — 1
elements. Hence the inductive hypothesis shows that I — {y} has at most n — 1
elements, and so I has at most n elements. Q.E.D.
A vector space E which has a finite basis is said to be finite dimensional.
The integer n in (A.4.7), that is to say the number of elements in any basis of
E, is called the dimension of E (over K) and is denoted by dim E or dimK E.
If dim E = /?, then E is isomorphic to Kn. A vector space which is not of finite
dimension is said to be infinite dimensional. The relation dim E = 0 is equiva-
lent to E = {0}.
(A.4.8) (i) In a vector space E of finite dimension n, every system of genera-
tors contains a basis of E and has at least n elements. Any system of generators
consisting ofn elements is a basis.
(ii) In a vector space E of finite dimension n, every free system of vectors
is contained in a basis ofE and has at most n elements. Any free system con-
sisting ofn elements is a basis.
m
If (xi)i^i$m i& a free system, it follows from (A.4.5) applied to V = ]T kjc£
i=l
and a basis (A/)^^ of E that there exists a subfamily (i/h)i<fc$r such that
the jCj and the bjh form a basis of E. This proves (ii). The assertion (i) follows
from (A.4.7) and (A.4.6) in the case of a finite system of generators. In the
general case, it is enough to show that a system S of generators contains a
free system of n elements. Suppose this is not the case, and that the greatest
number of elements in a free system extracted from S is m < n. If (y^^ ^m
m
is such a free system, then V = £ Kyf cannot be equal to E, by (A.4.7), and
i = l
hence there exists z e S not contained in V. Then the yi and z form a basis
of V + Kz by virtue of (A.4.5), and hence form a free family of m + 1 ele-
ments. This contradiction completes the proof.
(A.4.9) A subspace V of a vector space E is said to be of finite codimension
if V has a supplementary subspace in E which is finite dimensional. The
dimension in question does not depend on the choice of the supplementary
subspace (A.3.5), and is called the codimension of V in E. It is denoted by

